
Lecture 6 
BME 444 - Control Systems 

By the end of this lecture students will be able to: 
• Create a state-space representation of linear, time-

invariant systems 

I. Introduction 
A. So far we have practiced writing the DEs that 

describe physical systems 
B. These are often coupled differential equations; the 

same variables often appear in more than one 
equation 

C. We then practiced writing these equations in the 
form of a transfer function in the LaPlace domain 

D. This method works fine if the system has only one 
input and one output and is linear 

E. If not, we need another method—state-space 
F. Summary of the two methods: 

1. Classical, or frequency domain 
a) Con: Can only use linear, time-invariant 

systems (or those that can be approx as this); 
initial conditions are always 0 

b) Pro: Easy to see how system will behave 
(stability and transient response) by looking 
at equation; easy to adjust settings to desired 
response 

2. Modern, time domain, or state-space 
a) Pro: can do non-linear systems and systems 

with nonzero initial conditions; time varying 
systems too 

b) Con: not as intuitive 

II. State-variable equations 
A. All systems have a group of state variables that 

define all characteristics of a system 
B. Examples: 

1. Current or voltage in circuits, position and 
velocity in mechanical systems, pressure in fluid 
systems, concentration in chemical systems 

C. The state variables are the minimum number of 
variables that you need to describe the system 
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D. The variable xn is used to represent the state 
variables 
1. n is the total # of state variables; also the order 

of the system 
E. The variable ur is used to represent the input(s) 

1. r is the total number of input variables 
F. The state-variable equations are n DEs that are the 

first-order derivatives of each state variable 
G. Example: 

   

H. Important: There are many combinations of 
possible state variables. The only rule you must 
obey is not to use variables that are linearly 
dependent. 

I. Example 1. Write the state-variable equations for 
the system shown below. 

·x1 = 2x1 + 3x2 + 4u1
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J. Student Example 1. Write the state-variable 
equations for the system shown below. 
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III. State-space representation 
A. We just derived state-variable equations for two 

different systems. 
B. If the DEs are linear, we can write them in vector-

matrix format: 
1. The state-variable equation 

   

2. The output equation 

   

C. Each of these letters stand for: 

  x = state vector (vector of state variables) 
   = derivative of x 
  y = output vector (vector of output eqs.) 
  u = input or control vector 
  A = system matrix 
  B = input matrix 
  C = output matrix 
  D = feed-forward matrix 

D. Quick refresher on how matrix multiplication 
works: 

·x = Ax + Bu

y = Cx + Du

·x
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E. Example. Convert the following state-variable 
equations into  matrix-vector format. 

    
    
    

 

 

F. Now, we go back to our previous examples and 
convert them into correct state-space representation. 

G. Example 1, cont’d. Write in state-space 
representation. Assume output is . 

·x = Ax + Bu
·x1 = − 6.2x1 − 2.3x2 + 8.4x3
·x2 = − x2 + 2.7x3 + 3u1
·x3 = − 4.1x1 − 1.5x2 + 3.9x3 + 4u2

vc2(t)
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H. Student example 1, cont’d. Write in state-space 
representation. Assume output is current through the 
resistor. 

IV. State-space representation of mechanical systems 
A. Much easier as you just need to write the equations 

for each mass. 
B. Example 2. Write the state-space representation of 

the system below. Assume there is no output. 
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C. Student example 2. Write the state-space 
representation of the system below. Assume the 
output is . x3(t)
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